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1. INTRODUCTION 
It has been known for some time that the derived length dl(G) of a 
solvable group G is bounded by some function of the number of different 
degrees for the complex irreducible characters of G. The first result of this 
type appeared in [S] and the best general result to date is due to Gluck 
[2], who proved that dl(G)<2 [cd(G)/, where cd(G) denotes the set of 
degrees. (The conjecture that dl(G) < [cd(G)1 is still open, although this 
author sees little reason to believe that the “correct” bound is not of an 
even much smaller order of magnitude.) 
Recently, some control over the structure of G (still assumed to be 
solvable) has been obtained in terms of the set cd,(G), the degrees of the 
irreducible Brauer characters of G at the prime p. In his thesis [l], 
Bernhardt obtained bounds on the p-length and nilpotent of G and on the 
derived length of a Hall p’-subgroup of G in terms of Icd,(G)I. (The latter 
result was also independent obtained by Wang [S].) 
Since no information about O,(G) can be deduced from hypotheses 
about irreducible characteristic p representations of G, it is impossible to 
bound dl(G) in terms of Icd,(G)l. The best that can be hoped for along 
these lines is a bound for dl(G/O,(G)), and indeed, Bernhardt shows in his 
thesis that if Icd,(G)I < 3 (and p > 3,) then dl(G/O,(G)) < 4. 
The main result of this paper is the following. 
THEOREM A. Suppose G is solvable and let p be any prime. Then 
dl(G/O,(G))< f(c), where f is some quadratic function and c= lcd,(G)(. 
In fact, we can take f(c) = 3c2 + 3c - 5, and when p > 2, a slightly better 
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bound can be proved. It might well be possible to sharpen the inequality 
somewhat further, but our methods do not seem sufficient to reduce the 
quadratic bound to a linear one. 
An interesting case of Theorem A is where G has an abelian normal 
p-complement K. It is easy to see in this situation that cd,(G) is just the set 
of sizes of the orbits of the action of PE Syl,(G) on the group V of linear 
characters of K. Theorem A thus yields a bound on dl(P), if P is a p-group 
acting faithfully on an abelian $-group V, where the bound is expressed in 
terms of b, the number of different P-orbit sizes on the elements of V. In 
this situation, however, we can do better than the quadratic bound of 
Theorem A. 
THEOREM B. Suppose that a p-group P acts faithfully on an abelian 
p/-group V and that there are precisely b different orbit sizes (counting the 
trivial orbit). Then 
if p>2 
if p=2. 
Note that the case b = 2 of Theorem B is essentially included in [4] and 
we will use [4] to obtain the general result. (If we wished to avoid 
reference to [4], our method of proof would yield dl(P) < b + 1, or 
dl(P) < b if p > 2.) Actually, we prove a somewhat more technical result 
than Theorem B, and that provides the key to the proof of Theorem A. 
The techniques of Bernhardt are applicable only in solvable groups. It is 
natural to ask, however, if his bound on the p-length is valid for all 
p-solvable groups. It is. 
THEOREM C. Let G be a p-solvable and write c = Icd,(G)l. Then 
/,,(G/O,(G)) 6 c - l. 
Our proof of Theorem C relies on the following “modular” version of a 
result of Broline and Garrison (see [6, Theorem 12.101). 
THEOREM D. Let G be an arbitrary finite group and suppose F is any 
field. Let X be an irreducible F-representation of G having the largest 
possible degree and write N = ker(X). Then N/O,(N) is nilpotent, where 
p = char(F) and ifp = 0, we write O,(N) = 1. 
Theorem D also yields the following amusing corollary. 
COROLLARY E. Suppose that the irreducible F-representations of G have 
only c different degrees, where G is any finite group and F is any field. Then 
in any chief series for G, at most c - 1 of the factors are nonabelian. 
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2. ~-PARTS OF ORBIT SIZES 
Fix a prime p and let G be a finite group acting on an abelian p’-group 
V. We write B,(G, V) to denote the set of p-parts of the sizes of the 
G-orbits of the elements of V. (Note that since { 1) is one of these orbits, 
we always have 1 E BJG, V).) 
Theorem B of the introduction concerns the case where G is a p-group 
acting faithfully on V and it provides a bound on dl(G) in terms of 
b = 1 B,(G, V)l. The principal result of this section includes Theorem B; it 
allows G to be arbitrary, however, and it bounds dl(O,(G)). 
(2.1) THEOREM. Let G act on the abelian PI-group V and write 
b= IB,(G, V)l and P=O,(G). Then 
if p>2 
lj- p=2. 
Furthermore, if G = P, the bounds b and b + 1 can each be decreased by 1. 
The last assertion is perhaps not of great interest. We have included it in 
the statement of the theorem since in the case b=2 and G = P, these 
stronger inequalities are essentially known. For larger values of b, they 
follow by our inductive argument with no extra work. 
We begin with two p-group lemmas. The first of these is well known (see 
[3, Satz, 111.7.8(b)]) and we state it without proof. We will use the second 
only in the case where p = 2. 
(2.2) LEMMA. Let P be a p-group and suppose Z(P’) is cyclic. Then P’ 
is abelian. 
(2.3) LEMMA. Let P be a p-group and suppose Z(P”) is generated by two 
elements, one of which has order p. Then P” is abelian. 
ProoJ Write Z= Z(P") and let U=Q,(Z), so that (U( d p2. Write 
A/U = Z(P"/U) and suppose A/U is not cyclic. We can choose, therefore, 
VS A with U G Va P and V/U elementary of order p2. Since the Sylow 
p-subgroups of Aut( U) and Aut( V/U) are abelian, it follows that P’ acts 
trivially on U and on V/U and so [V, P’, P’] = 1. We deduce that P” 
centralizes V and thus .Vz Z. By hypothesis, however, Z/U is cyclic, and 
this is a contradiction since V/U is not. 
We know now that AjU is cyclic and hence by Lemma 2.2 applied to 
PI/U, we deduce that P”/U is abelian. Thus P” = A and P”/U is cyclic. 
Since U c Z(P"), the result follows. 1 
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Proof of Theorem 2.1. We work by induction on 1 VI. It is no loss to 
assume that P acts faithfully on V and that P (and hence V) is nontrivial. 
Also, if b = 1, then all G-orbits on V have P-size and since P 4 G, this 
would force P to act trivially. We may assume, therefore, that b > 2. 
We shall write 
(b-1 if p>2and P=G 
if p=2and P=G 
if p>2and P<G 
if p=2and P<G 
so that in all cases, our goal is to show that dl(P) <f(b). 
Suppose 1 < IV< V and that W admits the action of G. Clearly, 
B,(G, W) E B,(G, I’) and we claim that also B,(G, V/W) E B,(G, V). To 
see this, let VE V/W and suppose SE Syl,(C,(V)). Then S permutes the 
elements of the coset V, and since 161 = 1 WJ is not divisible by p, we see that 
S fixes some element u E V. As C,(u) E C,(c), it follows that SE Syl,(C,(u)) 
and hence the p-part of the orbit size of V is the same as that for u and so 
it lies in BJG, V), as claimed. It follows from the inductive hypothesis, 
therefore, that dl(P/C,( W)) <f(b) and also that dl(P/C,( V/W)) d f(b). 
Since IPI and / V/ are coprime, we have 
C,( W) n C,( v/ W) = C,(V) = 1 
and so dl(P) <f(b), as required. We may assume, therefore, that V is 
elementary abelian and is simple as a G-module. 
Suppose A 4 G, where A is a noncyclic abelian p-subgroup. (Note that 
A G P.) By Clifford’s theorem, V decomposes as a direct product of simple 
A-modules whose isomorphism types are transitively permuted by G. Let 
K,, K2, . . . . K, be the distinct kernels of the actions of A on these A-simple 
components of V, and note that { Ki I 1 6 id r > is a conjugacy class of sub- 
groups of G. Also, since A is abelian, A/K, is cyclic for each i, and as A is 
not cyclic, Ki > 1. Furthermore, r) Ki = 1 and hence r > 1. Finally, we write 
Vi for the product of all of the A-simple components with kernel equal to 
Ki, and we put Hi = N,(K,). It follows that V= V, ic V, ic ... ic V,, that G 
permutes the Vi and that Vi admits the action of Hi. 
Note that if 1 # v E Vi, then C,(v) G H, and so the p-part of the G-orbit 
size of v is equal to qt, where q = 1G : Hilp, the p-part of the index, and 
t E B,(H,, Vi) is the p-part of the Hi-orbit sizse of v. It follows that the map 
t H qt is an injection 
8: B,,( H;, Vi) - ( 1) + B,(G, V) - { 1 }. 
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(Note that the set BJH,, Vi) and the number q are independent of the 
choice of i.) We shall see that 8 is rarely surjective. Specifically, we will 
prove that if 8 is surjective, then 
p=2, b = 2, and IKil = 2. (*) 
Suppose 0 is surjective and choose XE V, with lC,(x)l, as small as 
possible. It follows from the fact that the largest member of B,(G, I’) lies 
in the image of 8 that IC,(x)l, divides IC,(v)( for all UE V. 
Now K, & K, and so we can choose YE V, not centralized by K,. Then 
K, E 0,(&(x)), but since K, @ C,(xy), we can conclude that IC,(x): 
C,(x)nC,(xy)( is divisible by p. Since IC,(x)l, divides IC,(xy)l, we see 
that IC,(xy): C,(x) n C,(xy)l must also be divisible by p. However, 
C,(xy) permutes the set {x, y} (because of the directness of the decom- 
position I’= V, k ... k V,) and thus IC,(xy): C,(x) n C,(xy)l < 2. It 
follows that p = 2 and that C,(xy) is transitive on {x, y} so that x and y 
are G-conjugate and IC,(x)J = IC,(y)l. 
Recall that the choice of y E V, was arbitrary except for the requirement 
that K, not centralize y. If b> 2, the surjectivity of 8 guarantees the 
existence of y’~ V, with y’# 1 and IC,(y’)I,> IC,(x)J,. It follows that K, 
must centralize y’. Similar reasoning shows that K, s C,(y’) for all i # 2. 
Since, of course, also Kz E C,( y’), we deduce that K centralizes y’, where 
K= n Ki. Thus C,,(K) > 1 and since K a G and V is simple as a 
G-module, it follows that C,,(K) = V. This contradicts the assumption that 
P acts faithfully on V and proves that b = 2 if 8 is surjective. 
To complete the proof of (*), we must show that lK,I = 2 in this case. 
First, suppose k is a square in the group K,. Our previous analysis shows 
that 4 cannot divide /C,(x): C,(x) n C,(xy)l and thus IKl : K1 n C( y)l < 2 
and so k centralizes y. Since y can be any element of V2 not centralized by 
K, , it follows that k centralizes V,. Similarly, k centralizes V, for all i # 1 
and since also k acts trivially on VI, we deduce that k = 1. Thus all squares 
in K, are trivial and hence K, is elementary abelian. 
Suppose IK, I > 2. Since A/K2 is cyclic, it follows that K, n K2 > 1 and so 
K, n K2 acts nontrivially on some Vi; say i = 3. Suppose z E I’, is moved by 
K,nKZ. Now K, > K, n C(y) > K, n C(y) n C(z) = K, n C(xyz). Since 
K, cO,(C,(x)), it follows that 4 divides IC,(x): C,(x)n C,(xyz)J. 
Now ICc(x)lZ divides IC,(xyz)l, and hence 4 must divide IC,(xyz): 
C,(x) n C,(xyz)J. Since C,(xyz) permutes {x, y, z 1, however, this index is 
at most 3, and this contradiction completes the proof of (*). 
We return now to the main argument. Suppose f(b) 3 2. If dl(P) % 2, 
there is nothing to prove, and so we may assume that P’ is nonabelian and 
we write A = Z(P’). By Lemma 2.2, A is noncyclic and so we may apply 
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our previous analysis and we have I’= V, 2 . . . 9 V, and subgroups 
Hi = N,(K,) acting on Vi and an injection 
19: B,(H,, V;)- {1} -B,(G, I’- (1). 
If 8 is not surjective, we have IB,(H,, Vi)1 d h - 1. Since K; s A = Z(P’), 
we see that P’ c_ N,(K,) = Hi, and in fact, P’ c OJH,). As 1 V;( < I VI, the 
inductive hypothesis yields 
dl(P’/C,.( Vi)) < f(b - I ) 
and since n C,.( Vi) = 1, this gives 
dl(P)=dl(P’)+ 1 <f(b- l)+ 1 =f(h), 
as desired. 
What remains are the cases wheref(h) d 1 and those where 0 (as above) 
is surjective, so that b = 2 and p = 2. Since b 3 2, the inequalityf(b) < 1 can 
only occur when P = G, b = 2, and p > 2. We may assume, therefore, that 
b = 2 and that either P = G or p = 2 (or both). 
If P = G, then since b = 2, all orbits of P on V # have equal size. (None 
of these orbits has size 1 since the action of P on V is irreducible.) Thus 
P is a “half-transitive” group of automorphisms of V and so by [4], either 
P is cyclic or else p = 2 and dl(P) 6 2. In particular, dl(P) <f(b) if P = G. 
Finally, we are left with the situation b = 2, p = 2, and f(b) = 3 and we 
must show that P” is abelian. This time, take A = Z(P"). By Lemma 2.2, we 
can assume A is not cyclic and reasoning as before, we have Vi, Ki, and 
H, and an injection 0. Also, 1 < P” c O,( H,) and P” acts nontrivially on 
Vi. It follows that IB,,(H,, Vi)/ 3 2 and hence 8 is surjective and lKjl = 2 by 
(*). Since A/Ki is cyclic, A is generated by two elements, one of which is 
an involution. By Lemma 2.3, this guarantees that P” is abelian, as 
required. 1 
3. ABELIAN FACTORS 
In this section, we will see how to use Theorem 2.1 to obtain bounds for 
the derived length of a solvable group in terms of c= /cd,(G)\. First, we 
must relate p-parts of orbit sizes to character degrees. 
(3.1) LEMMA. Let G be p-solvable and let N u G be a p’-subgroup. 
Suppose 0 E Irr(N) and that the p-part of the size of the G-orbit of tl is q. 
Then there exists cp E IBrJG ( 0) with cp( 1 ),’ = q. 
Proof: Let T= I,(B), the inertia group. Then IG : TI, = q and if 
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$ E IBr,( T 1 e), then tj” E IBr(G 10) by standard Clifford theory. It s&ices, 
therefore, to show that there exists $ E IBr,( T 10) with $-degree. In fact, it 
suffices to find x E Irr(T If3) with @-degree, since all of the Brauer 
irreducible constituents of the restriction of x to p-regular elements lie over 
0 and one of them, at least, must have p’-degree. 
By [7, Lemma 2.41 (applied with rc = p’) there does exist x E Irr( T 10) 
with p’-degree. (In fact, the character produced by the proof in [7] will 
necessarily be p-modularly irreducible, and thus the argument about 
irreducible constituents in the previous paragraph is not really needed.) 1 
(3.2) THEOREM. Let G be solvable and suppose Na G with O,(N) = 1. 
Let 
1 =N,cN,c ... EN,=NGG 
be a normal series for G. Assume that each factor NilNip,, for 1 < i < r, is 
either abelian or is a p-group, and let m denote the number of these factors 
which are not p-groups. Then 
dl(N) d m(b + 2) 
where b is the number of distinct p-parts which occur among the members of 
cd,(G). 
Proof: We work by induction on m. If m = 0, then N is a p-group and 
since O,(N) = 1, this forces N = 1 and dl(N) = 0, as required. 
Assume m > 0 and write V= N, . We may suppose that V > 1 and since 
O,(N) = 1, we see that V is an abelian p’-group. Write P to denote the 
group of linear characters of V. Also, G/V acts on P and by Lemma 3.1, 
we have IB,,(G/V, P)I < 6. Writing U/V=O,(N/V), we see that U/V 
acts faithfully on P since O,(N) = 1. It follows by Theorem 2.1 that 
dl(U/V)<b+ 1 and so dl(U)<b+2. 
The images Ri of the subgroups Ni in G/U form a normal series with 
factors iVj/iV+, which are either abelian or p-groups and exactly m - 1 of 
these factors are not p-groups. Also, O,(N/U) = 1 and so the inductive 
hypothesis gives dl(m) < (m - 1 )(b + 2) and hence dl(N) d dl(R) + dl( U) < 
m(b+2). 1 
Our next result is implicit in [8] and yields the bound on the derived 
length of a Hall p’-subgroup of G in terms of c = Icd,(G)I. 
(3.3) THEOREM. Let G be solvable with O,,(G)= 1, and write 
c = Icd,( G)l. Then there exists a normal series 
G=K,zK,z ... zK,.=l 
NUMBERS OF MODULAR CHARACTER DEGREES 271 
such thatfor 1 <i<c- 1, we have 
OP(K,/K;+ ,)“’ = 1 
and G/K, is abelian. 
Note that Theorem 3.3 yields a normal series for G with 3c - 2 abelian 
factors and some p-group factors. Wang’s (and Burnhardt’s) bound: 
dl(H) < 3c - 2 follows, where H is a Hall $-subgroup of G. 
Also, we can apply Theorem 3.2 to G with N = K,. Since b d c, this gives 
dl(K,)<3(c-l)(c+2) and dl(G)<1+3(c-l)(c+2)=3c2+3c-5. This 
proves Theorem A. 
Proof of Theorem 3.3. Write cd,,(G)= {fl, f2, . . . . f,), where 1 = fi < 
f2< ..' < fc. For 1 d i < c, let Ki be the intersection of the kernels of each 
of those absolutely irreducible characteristic p representations of G having 
degree < fi. Note that since O,(G/K,) is contained in the kernel of each of 
the representations of G/K,, we have O,(G/K,) = 1. Also, K, is contained in 
the kernel of all of the representations of G and thus KC E O,(G) = 1, as 
required. Observe also that G/K, is abelian since fi = 1. 
Now fix i with 1 < id c - 1 and set M = OP(Ki). Our task is to show that 
M’“&Ki,j. Since O,(K,/K,+,) = 1, it is enough to show that all 
$-elements of M”’ lie in K, + 1. 
Let ?E be one of the representations whose kernel intersection defines 
Ki+,, and let cp be the corresponding Brauer character so that cp( 1) d fi+ I. 
By the Fong-Swan theorem, choose x E Irr(G) so that x agrees with rp on 
p-regular elements and in particular, x( 1) < fi+ 1. 
Now suppose + E Irr(G) with $( 1) <: x( 1). We will show that ME ker II/. 
We can write the restriction of $ to $-elements as a sum of irreducible 
Brauer characters with degrees d II/( 1) <x( 1) < fi+ , . All of these Brauer 
characters, therefore, have degrees d fj and so if x is a $-element in Ki, we 
obtain Ii/(x) = Ic/( 1) and thus M = OP(Ki) E ker $, as claimed. 
By [S, Theorem 6(a)], it follows that M”‘z ker 1 and so if y is a 
$-element of M”‘, wehavecp(y)=cp(l)andyEkerX.Since%wasanyone 
of the representations whose kernels define Kj+ i, it follows that y E Ki+ 1 as 
required. 1 
4. KERNELS 
We proceed now to Theorem D. 
Proof of Theorem D. Without loss of generality, we may assume that 
O,(N) = 1. We assume that N is not nilpotent and work to obtain a 
contradiction. We choose a non-normal Sylow subgroup Q c N such that 
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IN: Nc(Q)l is not divisible by p. If INI is not divisible by p (for example, 
if p = 0), then any non-normal Sylow subgroup will do; otherwise, choose 
Q E Syl,(N) and note that Q is not normal since O,(G) = 1. Let H = NJQ) 
so that NH=G and write K=Nn H so that IG: HJ = (N:KI is not 
divisible by p. 
Let V be an FG-module corresponding to X, and write U = I’,. Then V 
is simple and since N acts trivially on V, we see that U is a simple 
FH-module. As p does not divide IG : H(, we know that V is H-projective 
and so I’ is a direct summand of UC and we can write UC g V@ W for 
some FG-module W. (Note that W#O since H-c G.) 
Let S be a simple submodule of W so that 
0 #Horn&S, U”) = Horn&S,, U). 
Since U is simple, it follows that U is a homomorphic image of SH. By 
hypothesis, however, dim S < dim V = dim U and hence SH g U. Since 
KG N acts trivially on U= V,, we see that K is trivial on S and so we can 
write KE L, where L a G is the kernel of the action of G on S. 
Since NnLaN and N,(Q)=KsNnL, we deduce that NnL=N 
and N s L. In other words, N acts trivially on S. Since also N acts trivially 
on V and SO V is isomorphic to a submodule of UC, we see that 
dim Hom,( 1 N, (UC),,,) > dim V, 
where 1, denotes the trivial FN-module. 
By Mackey’s theorem, (UC), g ( I!I,)~ and since 
and K acts trivially on U, we obtain 
dim Horn& 1 N, (U”),) = dim Hom,( 1 K, U,) = dim U. 
Because dim U = dim V, this is a contradiction. 1 
Proof of Corollary E. Let 1 = N, c N, z .. . c N, = G be a chief series 
for G. Working by induction on r, it suffices to show that if N, is non- 
abelian, then there are at most c - 1 different degrees for irreducible 
F-representations of G/N,. Of course the irreducible F-degrees for GINi are 
included among those for G, and so it suffices to show that G/N, is missing 
at least one of the degrees of G. 
In fact, the largest degree is missing, since if X is any F-representation 
of G of largest possible degree, then Theorem D guarantees that ker X is 
solvable. Since the nonabelian minimal normal subgroup N, of G is non- 
solvable, it cannot be contained in ker X. 1 
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The proof of our last result is quite similar. 
Proof of Theorem C. We may assume that O,(G) = 1 and we work by 
induction on IGI. If G is a p’-group, the I,(G) = 0 and there is nothing to 
prove. We may assume, therefore, that O,.(G) < O,,,,(G) and we write 
N = O,J G). 
If cd,(G/N) d c - 1, then by the inductive hypothesis, since O,(G/N) = 1, 
we have I,(G/N) d c - 2 and so I,(G) < c - 1, as required. It suffices to 
show, therefore, that the largest member of cd,(G) does not lie in 
cd,(G/N). This is true since otherwise, by Theorem D, we would know that 
N/O,(N) is nilpotent. Since O,(N) E O,(G) = 1, this makes N nilpotent 
and this is a contradiction since p divides 1 NI and yet O,,(N) = 1. 1 
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